In this paper we consider the possibility of chiral (charge or spin density wave) symmetry breaking in graphene due to long-range Coulomb interaction by comparing the results of the Bethe-Salpeter and functional renormalization-group approaches. The former approach performs summation of ladder diagrams in the particle-hole channel, and reproduces the results of the Schwinger-Dyson approach for the critical interaction strength of the quantum phase transition. The renormalizationgroup approach combines the effect of different channels and allows to study the role of vertex corrections. The critical interaction strength, which is necessary to induce the symmetry breaking in the latter approach is found in the static approximation to be αc = e 2 /(ǫvF ) ≈ 1.05 without considering the Fermi velocity renormalization, and αc = 3.7 with accounting the renormailzation of the Fermi velocity. The latter value is expected to be however reduced, when the dynamic screening effects are taken into account, yielding the critical interaction, which is comparable to the one in freely suspended graphene. We show that the vertex corrections are crucially important to obtain the mentioned values of critical interactions.
I. INTRODUCTION
The fascinating physics of Dirac fermions, interacting via static Coulomb potential, became a subject of intensive research in condensed-matter physics after the experimental realization of graphene 1 . Despite vanishing density of states at the Fermi level in clean graphene, Coulomb interaction may lead to different instabilities of electronic system [2] [3] [4] [5] . Even before the experimental discovery of graphene, the possibility of excitonic instability (related to the charge density wave formation) in this material was predicted theoretically 6, 7 . It was argued, that sufficiently strong Coulomb interaction is able to open a gap in the excitation spectrum analogously to the chiral symmetry breaking in quantum electrodynamics 8 .
The analysis within the Schwinger-Dyson mean-field approach [9] [10] [11] in the static approximation found critical Coulomb interaction, which is necessary to open the charge gap, to be α c = e 2 /(ǫv F ) = 1.62 (see, e.g., discussion in Ref. 10) , where e is the critical charge, ǫ corresponds to substrate dielectric constant, and v F is the Fermi velocity. This result is not very far from the result of quantum Monte-Carlo approach 12 α c = 1.08. Inclusion of the dynamic screening of Coulomb interaction in Refs. 13,14 allowed to improve further the agreement with the numerical results. These results were however altered recently by considering the effect of renormalization of Fermi velocity, yielding critical Coulomb interactions, which depend on the approximation used, namely the critical couplings α c = 1.75 (Ref. 15) , α c = 7.65 (Ref. 16) , and α c = 3.1 (Ref. 17) were obtained. The latter result seems to be most reliable within the SchwingerDyson approach, since it accounts for the renormalization of quasiparticle weight and the polarization bubble. These later results are all larger than the coupling constant of free-suspended graphene, in agreement with the experimental fact, that freely suspended graphene shows no chiral instability 18 . On the other hand, the important effect of the other bands for increasing critical Coulomb interaction was emphasized in Ref. 19 .
In the present paper we concentrate on studying the effect of the long-range part of Coulomb interaction and address the question, in which parameter range the Schwinger-Dyson approach is applicable. Indeed, this approach, which can be reformulated as a ladder approximation for electron interaction vertices, neglects contribution of the channels, other than the particle-hole one. From previous studies of the two-dimensional Hubbard model with short-range (on-site) interaction 3, [20] [21] [22] [23] , it is known that the contribution of the particle-hole channel is to a large extent compensated by the particle-particle channel. For the systems with Dirac electronic dispersion this cancellation is almost perfect, since the electronic Green function is odd with respect to momentum and frequency. At a first glance, this can strongly weaken the possibility of excitonic instability in graphene.
Apart from that, the discussed approaches neglect electron-electric field vertex corrections, which also appear beyond the ladder approximation, used in these studies. Although these corrections are expected to have no infrared divergencies 24, 25 , in the lowest (second) order in the Coulomb interaction they increase renormalized dielectric constant of the substrate. Therefore, one could expect that they yield further increase of the critical value of the Coulomb interaction for the chiral quantum phase transition.
The possibility of chiral phase transition in graphene was considered previously within the field-theoretical renormalization group approach [26] [27] [28] [29] [30] . It was shown that in the one-loop approximation [26] [27] [28] [29] Coulomb interaction is irrelevant due to increase of the Fermi velocity with respect to its bare value. Apart from that, small point-like interactions, which can be added to test the (in)stability towards chiral symmetry breaking, are also irrelevant because of the abovementioned cancellation between particle-particle and particle-hole channels. Therefore, this approach does not yield divergence of some coupling constants at sufficiently large Coulomb interaction, and therefore does not yield chiral phase transition. In the two-loop approximation 30 there is an instability of the field-theoretical RG flow at α c = 0.78, which can be in principle related to a possibility of chiral phase transition. However, such a scenario is anyhow different from the two-particle instability considered within the Schwinger-Dyson approach.
In the study paper we apply the functional renormalization-group (fRG) approach 3, [20] [21] [22] [23] and argue that considering momentum dependences of the vertices and summing all contributions from different channels in the one-loop approximation, the so far neglected effect of the vertex corrections yields at the same time enhancing the tendency towards excitonic instability, and to a large extent compensates the above mentioned factors, which weaken the instability. Taken together, they yield even smaller result for the critical interaction strength, than in the ladder approach. In the static approximation without the renormalization of Fermi velocity we obtain α c = 1.05, which is smaller than previous estimates at the same level of approximation within the Schwinger-Dyson approach. The critical interaction increases to α v c = 3.7 when the Fermi velocity renormalization is taken into account. The latter value of the critical interaction is however expected to be reduced when the dynamic effects are taken into account, yielding the critical coupling, which is comparable to the one in the freely suspended graphene.
The outline of the paper is the following. In Section II we formulate the model, in Sect. III we discuss reformulation of Dyson-Schwinger approach as summation of ladder diagrams and extend previously obtained results to the symmetric phase. In Sect. IV we consider functional renormalization-group approach, discuss parametrization of the vertices used in the present study, and present main results for the electron interaction vertices. The Conclusion is presented in Sect. V.
II. THE MODEL
To study electron interaction in graphene we consider the model (see, e.g., Refs.
26-28 )
where ψ s ≡ ψ s (X) is the 4-spinor describing electronic degrees of freedom, s =↑, ↓ is the spin projection, X = (τ , x, y),
where σ i are the Pauli matrices, α = e 2 /(ǫv F ) is the dimensionless coupling constant. The quadratic part of the action (1) represents the continuum limit of the microscopic tight-binding model of graphene (see, e.g., Ref. 28 ) and corresponds to the representation ψ = {ψ
s is an annihilation operator for the electron in valley m and sublattice s). The scalar field A 0 accounts for the Coulomb interaction of Dirac particles, which is integrated along the third coordinate z, transverse to the graphene layer. Excluding z direction, perpendicular to the graphene layer, and performing Fourier transformation, yields the effective action [26] [27] [28] 
where
is the 3-vector, including Matsubara frequency ν (and similar for q). It is well known (see, e.g., Ref. 4 ), that due to vanishing density of states, the Coulomb interaction in graphene is not screened, since the particle-hole bubble
(where q = |q|) is itself linear in momentum at ω = 0. Therefore, summation of the bubble contributions in a rundom phase approximation (RPA) yields renormalization of the dielectric constant only, such that the effective "screened" Coulomb interaction is
III. THE LADDER (BETHE-SALPETER) APPROACH WITHOUT FERMI VELOCITY RENORMALIZATION
The Coulomb interaction may lead to excitonic (charge or spin density wave) instability with opening the gap in the electronic spectrum 6,7,9-11 . The simplest way to treat this possibility is the Bethe-Salpeter approach. Here we consider the instability from the symmetric phase, which complements previous studies of symmetry-broken phase within the Schwinger-Dyson approach 6,7,9-11 . The (linearized) gap equation of the Schwinger-Dyson approach in the static approximation (5) has the form
where we have introduced the bubble
(the bubble Π pp will be used later, in Sect. IV), G(k, ε) = (γ 0 ε + iv F (|k|)γ a k a ) −1 , the matrices in the direct product act in the space of spinor indices of each fermionic line, ∆ 0 is the bare value of the gap, and in general the renormalized Fermi velocity v F (|k|) depends on momentum. In the present Section we neglect the renormalization of the Fermi velocity by taking v F (|k|) = v F . The Eq. (6) can be iterated to express the resulting gap
through the vertex function Γ kk ′ q , for which we obtain the integral equation
corresponding to the summation of ladder diagrams in the particle-hole channel. At q = 0 we therefore have
We search the solution to this equation in the form
Performing matrix multiplication (see Appendix A), for the s-component of the vertices Γ m kk ′ 0 , which are obtained by averaging over direction of vecotrs k and k ′ and denoted Γ m kk ′ (we use here a short notation k = |k| etc.), we obtain the system of integral equations
is the complete elliptic integral of the first kind. By considering the linear combinations
we decouple these equations to obtain Γ s,a
with r s = 2, r a = 1. The solution to the resulting equations can be searched in the form
Often used approximation is to approximate K 1 (x) by its small x asymptotic value, which is equal to 1. This corresponds to approximating
in the equation (10). The considering s-wave component for the vertex then coincides with the vertex itself, since the latter depends on the absolute values of momenta only. The solution to the Eqs. (14) reads (see Appendix A)
Therefore, we find, Γ 0,12
The vertices diverge at α rc = 1/2 which coincides with the corresponding value, obtained from the analysis of the symmetry-broken phase in Ref. 7, [9] [10] [11] . At α r → α rc we find Γ 0,1,12
More accurate analysis, considering angular dependence of the Coulomb interaction, yields momentum dependences, which are qualitatively similar to the Eq. (19), with the exponents γ, γ 1 , determined by the Eq. (45) (8), we will also need subleading 1/Λ κ corrections to the vertex Γ kk ′ 0 . Evaluation of these corrections can be performed in the way, similar to described above, and yields
Integration of this vertex yields the triangular vertex (assuming ∆ 0 = 1)
which is in agreement with the direct ladder summation (see Appendix A). We see that in agreement with the scaling analysis of Ref.
10 the triangular vertex is nonsingular at the chiral phase transition; the singularity of the leading and subleading contributions to the vertex are cancelled in ∆ k . The corresponding chiral susceptibility
also does not diverge at the chiral phase transition.
IV. FUNCTIONAL RENORMALIZATION-GROUP ANALYSIS A. General equations and parametrization of vertices
The considered ladder approximation treats only a certain set of ladder diagrams in the particle-hole channel.
To consider the impact of other diagramatic contributions, we apply in the present Section the functional renormalization-group approach 23, 31, 32 . This approach considers evolution of the electron interaction vertices due to different scattering processes. Since the contribution of various channels of electron interaction can compensate each other (see discussion below), apriori the applicability of the ladder approximation, considered in previous Section, corresponding to the account of particlehole diagrams only, is not clear.
To treat the possibility of chiral symmetry breaking within the functional renormalization-group approach, we rewrite the action (3) in the form
and consider the Wick-ordered functional RG flow equation 31, 32 for the electron interaction vertex 
is the fermionic bubble, constructed from the Wick-ordering Green functions D Λ (k, ν) and single-scale propagators F Λ (k, ν) (cf. Ref. 37 ), • and * stands for the summation over momenta, frequencies, and quantum numbers according to the diagrammatic rules (for explicit form of the flow equation see Appendix B, Eq. (50)).
The right-hand side of the Eq. (26) contains several terms, corresponding to the contribution of the particleparticle (pp), particle-hole direct (ph) and particle-hole crossed (ph1, ph1 ′ ) processes (see also Fig. 1 and Appendix B). It is important to note that due to the dispersion, which is odd in momentum, the contribution of the particle-particle and particle-hole channels can compensate each other, since for small external momenta the corresponding bubbles in the first two diagrams in the right-hand side of Fig. 1 are equal in magnitude, but opposite in sign (see Eq. (7)); last three diagrams also yield some cancellation because of the sign change in the closed loop, and factor of two in the spin summation in the last diagram.
These cancellations become transparent in the fieldtheoretical renormalization-group approach [26] [27] [28] [29] , which was applied previously to the same model. In particular, in this approach the α 2 contributions to renormalization of short-range interactions, which would drive the chiral instability similarly to quantum chromodynamics 34, 35 , are absent. At the same time, field-theoretical renormalization group approach does not allow treating singular momentum dependences, which are generated by the ladder diagrams in the particle-hole channel, if the abovementioned cancellation between particle-hole and particle-particle channel is weakly lifted by finite external momenta. Therefore, we apply the functional renormalization-group approach to the considering problem in this Section.
In the present study we use sharp momentum cutoff (cf. Refs. 33,37)
, neglect frequency dependence of the vertices, and either neglect selfenergy effects (taking Σ(k) = 0) or take the selfenergy equal to its starting mean-field value, Σ(k) = (α/4)v F γ a k a ln(Λ uv /|k|), which coincides with the firstorder perturbation theory result; Λ uv is an ultraviolet cutoff of the theory. The latter self-energy was recently shown to describe well the Fermi velocity renormalization in free suspended graphene, see, e. g., Ref. 36 . The flow equations contain in both cases only the polarization bubble, which is summed over fermionic Matsubara frequencies,
where Π pp,ph is given by the Eq. (7) with 
, and the momentum transfers q pp = k 1 +k 2 , q ph = k 3 −k 2 , and q ph1 = k 1 −k 3 in the particle-particle and particle-hole channels. For convenience we decompose vertex functions into the contributions of the corresponding channels. Written explic- itly, our parametrization reads
The first two arguments of functions V pp,ph i1..4 correspond to the average incoming and outgoing momentum, while the third argument denotes the momentum transfer.
The functions V pp,ph i1..4,Λ of three continuum 2-component variables is hard to treat accurately numerically. For ph1 channel we pick out renormalized Coulomb interaction
by introducing the renormalized polarization Π(q) and electron-electric field vertex g Λ,k,q functions. We then approximate the functions V pp,ph i1..4,Λ and V ph1 i1..4,Λ neglecting their dependence on their third argument (i.e. transfer momenta q pp , q ph , or q ph1 ), which are assumed to be zero in the actual calculation of these quantities. The justification for this approximation is that at finite k, k ′ the dependence of these functions on q pp,ph is non-singular, while there is an essential singularity of the considering functions on the first two momenta,
We have also verified that taking into account the full momentum dependence of V To treat accurately the remaining momentum dependences, we follow the idea of Ref. 38 , expanding these functions in some basis. Since the dependence on the absolute value of first two arguments is expected to be singular (as follows from the analysis of Sect. II), we expand in Fourier harmonics with respect to the angle of each of the two momenta. The resulting flow equations for V pp,ph To calculate the chiral spin or charge susceptibility, we first calculate the flow of the triangular vertex ∆ k,Λ according to the diagrams of Fig. 2 . The susceptibility is then obtained straightforwardly by convolution of two triangular vertices with two Green functions.
The flow is started at Λ = Λ uv > 1/v F , and finished for some Λ = Λ min ≪ v F . The bare value of the vertex corresponds to the bare Coulomb interaction
B. Results
Flow without the Fermi velocity renormalization
First we neglect the self-energy effects by putting Σ = 0. In the absence of self-energy effects, all the vertices have dimension k −1 , and can be expressed in terms of the scaling functions
where m, n numerates Fourier harmonics with respect to the directions of momenta k, k ′ , or q. For sufficiently large Λ uv ∼ 1/v F and small momenta, one can ignore the last argument in these scaling functions.
The flow of V ph (k, k ′ ) alone (with zero interactions V pp,ph1 ′ ) reproduces the results of the ladder approach of Sect. II. We obtain the critical value α cr r = 3.0/(2π) which is close to the value α cr r = 2.9/(2π), obtained in Refs.
9-11 , the difference is related to the discretization of momentum dependence of the vertices. The flow of Π(q) alone reproduces (in the end of the flow) the renormalization of the dielectric constant by the static polarization bubble, described by the Eq. (5), In the present paper we consider however the combined contribution of all the channels. To analyze the results, we plot dimensionless vertices V pp,ph,ph1 Λ,i1..i4,0,0 (|k|) = |k|V pp,ph,ph1 i1..4,0,0,Λ (|k|, |k|) as functions of Λ/|k|, coupling constants α R,Λ (|q|) = α|q|/Π Λ (|q|), and the vertex functions g i1i2 Λ,0,q as functions of Λ/|q| (see Fig. 3 ). We see, that the scaling forms (32) are approximately fulfilled. For small α 5/(2π) we find that the interactions, generated in the particle-particle and particle-hole channel are close to each other in the absolute value, having the opposite signs, and therefore, almost cancel each other. At the same time, for larger interactions, this cancellation is lifted, and one of the coupling constants, corresponding to the intrasublattice interaction in the particle-hole channel, becomes bigger than the other interactions.
The interaction dependence of the inverse dimensionless quantities V pp,ph 0,i1..i4,m,n = lim x→0,y→∞ f pp,ph i1..i4,m,n (1, x, y), corresponding to the limit k → 0, Λ/k → 0 of the coupling constants of Fig. 3 , is shown in Fig. 4 . We find that similarly to the ladder approach of Sect. III, the leading intrasublattice component V the region, where particle-particle and particle-hole channels compensate each other. The corresponding region below the critical interaction, which can be associated with the critical regime, appears to be rather narrow. Calculations of the chiral susceptibility shows that the spin and charge susceptibility are equal in the considering model, since the second contribution in the right-hand side of Fig. 2 vanishes. Similarly to previous studies 2, 3 , additional short-range interactions are expected to remove this degeneracy, yielding either spin or charge order depending on the ratio of the on-site and nearest-neighbour Coulomb interaction. Since the nearest-neighbour Coulomb interaction is expected to be smaller than the on-site component, the spin-density wave is expected to be more favourable, than the charge density wave. The susceptibility, obtained within the present model, containing only long-range interaction, is not singular near the chiral phase transition, similarly to the ladder approximation. Its fit with the dependence
2 , similar to the obtained in Eq. (24), yields α c,χ = 6.7/(2π), which is somewhat smaller α c,V . The small difference between α c,V and α c,χ likely occurs because of the narrowness of the region, where such fits are applicable.
We see that the critical coupling constants α c,V,χ are approximately twice larger, than the constant α rc , obtained in the ladder analysis. To understand the reason of this difference, we plot in Fig. 5a the renormalized coupling constant α R,0 = α/Z ′ D , where
and the vertex
,m,n (z, x, y) .
Due to vertex corrections, we obtain Z 25 ,
although the latter is obtained in the weak-coupling limit (second order in α). We also find, that the interaction dependence of the intrasublattice component g From Fig. 5 we find that near chiral quantum phase transition the coupling constant renormalization factor α R,0 /α ≃ 0.3, which is smaller than the ratio of the ladder and fRG critical couplings α rc /α c ≃ 0.43. This difference can be attributed to the vertex corrections. Although some vertex corrections (yielding suppression of the Coulomb interaction) are already accounted by Eq. (34), one should take into account, that when constructing a particle-hole ladder, in the presence of the vertex corrections each Coulomb line acquires a factor g 2 . We find, that (g 11 0 ) 2 ≃ 2.25 near the chiral phase transition. This itself would yield two times decrease of the critical interaction, which would be therefore equal α rc /0.3/2.25 ≃ 0.68, somewhat smaller than the obtained value α c . The remaining difference can be explained by partial compensation between particle-hole and the particle-particle channel near quantum phase transition.
From Fig. 3c one can see that at α close to chiral phase transition, the dimensionless coupling constants do not saturate yet in the considered range of Λ/q (the same behavior is observed for susceptibilities, which are not shown). Considering smaller Λ requires increasing number of discretization points, and not feasible numerically. Apart from that, some deviations from scaling are observed, which may be attributed to the discretization procedure. To determine critical Coulomb interaction more accurately, we determine the exponents γ V and γ χ , defined by
These exponents can be determined in the whole range Λ ≪ 1 and do not require achieving saturation of the coupling constants. In the ladder approach one has 1 − γ V = γ χ = γ. The results of the renormalization-group calculation are shown in Fig. 5b . We see that the exponents γ V , γ χ also behave similarly to the ladder approach for 2πα > 5, and show a bifurcation point at α c = 1.048 ± 0.008. We consider this result as an estimate for the critical coupling strength. This is much smaller than the value α c = 1.62 in the ladder approximation, and agrees well with the results of Monte-Carlo analysis 12 .
Flow with the Fermi velocity renormalization
To model the effect of Fermi velocity renormalization, we put Σ(k) = (α/4)v F γ a k a ln(Λ uv /|k|). The scale dependences of the vertex functions are shown in Fig. 6 . As one can expect, the universality of the scaling functions is violated by renormalization of the Fermi velocity. Due to relatively large Coulomb interaction, the contributions of the particle-particle and particle-hole channels are split, such that the above discussed compensation of the two contributions is less pronouced. The electron-electric field vertex renormalization achieves values γ ≃ 1.5, which are comparable to those obtained in the previous subsection without Fermi velocity renormalization (although for larger interaction strength), strongly suppressing the critical interactions. The dependence of the interaction in the end of the flow on the coupling constants is shown in Fig. 7 . We obtain the critical coupling constant α v c = 3.7, while without the vertex corrections in the Bethe-Salpeter approach the chiral instability does not occur in the static approximation with the Fermi velocity renormalization 16 . Apart from the vertex corrections, discussed in previous Section, the reason of getting finite and not large critical interaction is in the renormalization of Fermi velocity also when calculating the polarization bubble. This effect was not accounted in Ref. 16 and reduces the screening of the interaction, decreasing therefore the effective interaction. To see more explicitly the effect of changing screening in the presence of the renormalization of the Fermi velocity, we switch off the , but yet finite and even considerably smaller than the result of Ref. 16 with dynamic effects included. Therefore, we conclude that even with the Fermi velocity renormalization, vertex corrections yield substantial decrease of the critical interaction. The obtained value α v c = 3.7 is expected to be further reduced by the effects of dynamic screening of Coulomb interaction, which may yield the critical Coulomb interactrion comparable to the one in suspended graphene.
V. CONCLUSION
In the present paper we have analyzed the results of the Bethe-Salpeter (ladder) approximation and the functional renormalization-group approach, which accounts for all the channels of electron interaction to describe chiral phase transition in a system of Dirac electrons. We have shown, that without the Fermi velocity renormalization, at sufficiently small coupling constants α < 5/(2π) the particle-particle and particle-hole channels partly compensate each other. On the other hand, for α > 5/(2π) the compensation is not present, and the particle-hole channel dominates. This yields chiral phase transition at α c = 1.05, which properties are rather similar to those, obtained in the Schwinger-Dyson or BetheSalpeter (ladder) analysis. The vertex corrections enhance the tendency towards chiral symmetry breaking and compensate the effect of partial cancellation between the particle-particle and particle-hole channels.
With accounting the Fermi velocity renormalization, the abovementioned compensation is weakened, and therefore vertex corrections are expected to have even stronger effect on the critical interaction sterngth. In particular, in the static approximation we obtain α v c = 3.7, while this value is expected to be further reduced by the effects of dynamic screening of Coulomb interaction, yielding the results for the critical Coulomb interaction smaller than previous estimates. Whether it remains above or below the experimental α = 2.2 and how much it differs from the results of Monte-Carlo analysis, requires additional studies. As also described in the introduction, the effect of the other bands, which add short-range interactions on the top of the long-range Coulomb tail, can be also important. Their analysis is beyond of the scope of the present work, and is interesting to be performed in the future. Finally, the effect of impurities, either neutral, or charged, in the presence of the interelectron Coulomb interaction, has to be analyzed.
The solution to the obtained equations has the form of the Eq. (17), of the main text, which yields
where we have denoted γ = γ s = 1 2 1 − √ 1 − 2α r . The solution of the equations (39) beyond the approximation (16) can be obtained analytically only for
we find:
To simplify the second integral, we introduce the constant C such that x ≪ C ≪ 1. Splitting the regions of integration over p by the constant C, we find which can be solved numerically. Qualitatively, the solution do not differ from the simplified result (42). Similar consideration can be performed for the triangular vertex, considered in Ref.
14 , cf. also main text. The corresponding equation for the "s-wave" component of the vertex reads
where ∆ 0 is the bare value of the triangular vertex. Substituting ∆ p = Ap −γ for p ≪ Λ and introducing p ≪ C ≪ Λ, we obtain for γ the equation
From this we find again γ = γ s , determined above, and the constant A is determined by
With the approximation (16) this reduces to the result (23) of the main text.
Appendix. B. Functional renormalization group equations
In this Appendix we present analytical form of the renormalization-group equations, shown in Fig. 1 numerically. To treat accurately these dependences, we follow the idea of Ref. 38 , expanding these functions in some harmonics. Since the dependence on the absolute value of first two arguments is expected to be singular (as follows from the singular behavior of the gap function ∆(k) ∼ |k| −γ , γ ∼ 1/2 on the ordered side of the transition, cf. Refs.
11,14 ), we expand in Fourier harmonics with respect to the angle of each of the two momenta:
and discretizing the absolute values of the momenta, with further performing (bi-)linear interpolation between the discretization points. In this way, we achieve sufficiently fine discretization of each vertex, (typically we take n F = 2 Fourier components, corresponding to 2n F + 1 = 5 Fourier harmonics, and n = 20 ÷ 25 radial points logarithmically distributed in the range [Λ min /10, Λ uv ]; we take Λ uv = 2 and Λ min = e −10 ). The results of the solution of Eqs. (51)-(56) are discussed in the main text.
